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Over integral domains, we characterize modules of ﬁnite weak di-
mension  n in terms of h-divisible pure-injective modules (Theo-
rems 2.1 and 2.2). We compare various classes of h-divisible mod-
ules in terms of cotorsion modules (Theorems 3.1 through 3.11).
We also introduce copure-weak-injective modules and characterize
them over certain domains (Theorems 4.3 and 4.6). We character-
ize the modules that are pure in their weak-injective envelopes in
Proposition 4.12.
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1. Introduction
Throughout R will denote an integral domain and Q (= R) its ﬁeld of quotients. K will denote
the R-module Q /R . All modules are over R . For unexplained terminology and basic results we refer
to [1] and [6].
Weak-injective modules have been introduced in the author’s paper [9] as R-modules M satisfying
Ext1R(W ,M) = 0 for all R-modules W of weak dimension (w.d.)  1. (By the way, the class F1 of
modules of weak dimension  1 and the class W of weak-injective modules form a cotorsion pair;
for details we refer to [7].) Weak-injective modules are always h-divisible; the reverse implication
characterizes the so-called almost perfect domains (see [4]). In [9] it was shown that h-divisible pure-
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does not hold in general. Thus we have the irreversible implications:
h-divisible pure-injective ⇒ weak-injective ⇒ h-divisible.
In Section 2 of this note it is demonstrated that it suﬃces to use these modules to determine the
weak dimension of modules via Tor (Theorem 2.1). We also show how the functor Ext can be used in
connection with these modules to relate to the weak dimension (Theorem 2.2).
In Section 3, we consider various cotorsion modules which are h-divisible and show that there
exist several irreversible implications between these modules (in particular, Examples 3.2 and 3.4). We
also compare some modules with weak-injective modules (Examples 3.8 and 3.10). We characterize
the domains over which a particular implication is reversible (see Section 3).
In Section 4, we introduce copure-weak-injective modules. They are deﬁned as modules M satis-
fying Ext1R(D,M) = 0 for all weak-injective modules D . We prove results similar to copure-injective
modules deﬁned in [2] (Theorems 4.3 and 4.6). In connection with these modules we obtain another
characterization of weak-injective modules (Corollary 4.5). We also consider injective modules whose
weak dimension is  1 and characterize Prüfer domains as domains of ﬁnite weak global dimension
over which all injective modules have weak dimension  1 (Corollary 4.11). Finally, we character-
ize the modules which are pure in their weak-injective envelopes (Proposition 4.12) and identify the
weak-injective envelopes of h-divisible modules (Theorem 4.13).
2. Weak dimension and h-divisible modules
In this section, we prove two theorems showing how one can determine the weak dimensions of
modules using only h-divisible modules, or even only a subclass. The ﬁrst result is in terms of the
functor Tor, while the second is in terms of Ext.
Theorem 2.1. For an R-module M and an integer n 0, the following are equivalent:
(a) w.d.R M  n;
(b) TorRn+1(M, D) = 0 for all h-divisible R-modules D;
(c) TorRn+1(M, D) = 0 for all weak-injective R-modules D;
(d) TorRn+1(M, D) = 0 for all h-divisible pure-injective R-modules D.
Proof. In [9, Corollary 2.5] it was shown that (a) ⇔ (b). Thus it suﬃces to prove only the implica-
tion (d) ⇒ (b), since (b) ⇒ (c) ⇒ (d) are immediate. Assume ﬁrst that n = 0. Consider the natural
isomorphism
Ext1R
(
M,HomZ(N,Q/Z)
)∼= HomZ(TorR1 (M,N),Q/Z
)
.
The character module A = HomZ(A,Q/Z) of a torsion-free R-module A is h-divisible and pure-
injective, thus (d) implies that Ext1R(M, A
) = 0 for every torsion-free R-module A. It follows that
Ext1R(M, B) = 0 for every torsion-free pure-injective R-module B . Let D be an arbitrary h-divisible
R-module. From Ext1R(M, D
) = 0 and the isomorphism
Ext1R
(
M, D
)∼= HomZ(TorR1 (M, D),Q/Z
)
we obtain TorR1 (M, D) = 0, proving the result for n = 0.
For n > 0, use induction; consider a free resolution 0 → H → F → M → 0 and note that
TorRn (H, D) ∼= TorRn+1(M, D). 
We now turn our attention to Ext, and prove the analogue of [3, Theorem 4.6, Corollary 4.4],
replacing ‘ﬂat’ by ‘w.d.R  n’.
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(a) w.d.R M  n;
(b) ExtnR(M, D) = 0 for all weak-injective R-modules D;
(c) ExtnR(M, D) = 0 for all h-divisible pure-injective R-modules D.
Proof. In [3] it was shown that (a) ⇔ (b); furthermore, the implication (b) ⇒ (c) is trivial. Thus it
suﬃces to prove (c) ⇒ (a). First, by Theorem 2.1, it only suﬃces to show that TorR2 (M,N) = 0 for
each h-divisible R-module N . Since A = N is torsion-free, pure-injective, and Matlis-cotorsion [10,
Theorem 3.5] applies here, and yields 0 = Ext1R(M, D) ∼= Ext2R(M, A) for the h-divisible pure-injective
torsion module D corresponding to the reduced part of A in the Matlis category equivalence. Then
again by the natural isomorphism
Ext2R
(
M,HomZ(N,Q/Z)
)∼= HomZ(TorR2 (M,N),Q/Z
)
we have the result. For n > 1, apply induction, using a free resolution 0→ H → F → M → 0 and note
that TorRn−1(H, D) ∼= TorRn (M, D). 
3. h-Divisible cotorsion modules
We now turn our attention to cotorsion modules that are also h-divisible.
We ﬁrst give several deﬁnitions. An R-module M is called Matlis- (Enochs-, Warﬁeld-)cotorsion if
it satisﬁes Ext1R(Q ,M) = 0 (Ext1R(F ,M) = 0 for all ﬂat R-modules F , Ext1R(A,M) = 0 for all torsion-
free R-modules A). The implications Warﬁeld-cotorsion ⇒ Enochs-cotorsion ⇒ Matlis-cotorsion are
immediate, and we refer to [15] for the details. An important result [16] is that the Warﬁeld-cotorsion
modules are exactly the Matlis-cotorsion modules of injective dimension  1.
Recall the following implications between the various kinds of h-divisible modules:
injective ⇒ h-divisible Warﬁeld-cotorsion ⇒ h-divisible Enochs-cotorsion
⇒ h-divisible Matlis-cotorsion ⇒ h-divisible
and
injective= h-divisible RD-injective ⇒ h-divisible pure-injective
⇒ weak-injective ⇒ h-divisible Enochs-cotorsion.
The equality injective = h-divisible RD-injective follows from the fact that each divisible module
is an RD-submodule in its injective hull, hence injective = divisible RD-injective.
Our purpose is to show that none of the indicated implications is reversible. First we deal with
the ﬁrst set of implications. In what follows, p.d.R M will denote the projective dimension of an
R-module M , and gl.d. R the global dimension of R . w.gl.d. R will stand for the weak global dimen-
sion of R . i.d.R M (w.i.d.R M) denotes the injective (weak-injective) dimension of an R-module M ,
respectively, and gl.w.i.d. R the global weak-injective dimension of R .
1) To show the irreversibility of the implication: injective ⇒ h-divisible Warﬁeld-cotorsion, take
a torsion-free R-module A whose weak dimension is exactly 1. Then its character module A =
HomZ(A,Q/Z) is h-divisible Warﬁeld-cotorsion by [9] but is not injective.
Now we characterize domains over which this implication is reversible.
Theorem 3.1. For a Matlis domain R with gl.d. R  2, every h-divisible Warﬁeld-cotorsion R-module is injec-
tive if and only if R is Dedekind (i.e., gl.d. R  1).
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⇒ By [8, Theorem 3.3 and Corollary 3.4], every h-divisible module is Warﬁeld-cotorsion. Hence
the hypothesis implies that every h-divisible module is injective, which establishes the result. 
2) For the irreversibility of the second implication, we prove:
Example 3.2. h-divisible Enochs-cotorsion modules need not be Warﬁeld-cotorsion.
Proof. Choose any domain R with w.gl.d. R > 2, and a torsion-free R-module M with w.d.R M > 1.
The character module M of M is h-divisible, pure-injective, and hence h-divisible Enochs-cotorsion.
However, in [9, Corollary 2.5] it is shown that for any module N , w.d.R N  1 exactly if N is Warﬁeld-
cotorsion. It follows that M is not Warﬁeld-cotorsion. 
It is easy to prove the following characterization of Prüfer domains: R is Prüfer if and only if
Enochs-cotorsion is the same as Warﬁeld-cotorsion. Necessity is trivial because of the equality of
ﬂatness and torsion-freeness. Suﬃciency follows directly from the fact that the classes of ﬂat and
Enochs-cotorsion and the classes of torsion-free and Warﬁeld-cotorsion modules form cotorsion pairs
(see e.g. [7]).
Example 3.2 shows that the reverse implication fails for R with w.gl.d. R > 2. It is an open question
(suggested by the referee) whether or not such an example exists if w.gl.d. R = 2.
We can also characterize domains over which this implication is reversible.
Theorem 3.3. For a Matlis domain R with gl.w.i.d. R  2, every h-divisible Enochs-cotorsion R-module is
Warﬁeld-cotorsion if and only if gl.d. R  2.
Proof. ⇐ follows trivially from [8, Theorem 3.3 and Corollary 3.4].
⇒ By [8, Theorem 3.2] and [4, Theorem 6.8], every h-divisible module is Enochs-cotorsion. Then
the hypothesis implies that every h-divisible module is in fact Warﬁeld-cotorsion. This establishes the
result. 
3) That the third implication cannot be reversed is shown by
Example 3.4. h-divisible Matlis-cotorsion modules are in general not Enochs-cotorsion.
Proof. Let R denote a Matlis valuation domain, i.e. a valuation domain whose ﬁeld Q of quotients
is countably generated. In addition, we assume that gl.d. R > 2. It is easy to construct such an R
(see [12]).
Since p.d.R K = 1, every h-divisible R-module is Matlis-cotorsion. gl.d. R > 2 implies the existence
of a torsion-free, and hence a ﬂat R-module F of projective dimension > 1. We appeal to [8, Theo-
rem 3.2] that says that all h-divisible R-modules are Enochs-cotorsion if and only if all ﬂat R-modules
are of projective dimension  1. Hence we conclude that not every h-divisible R-module is Enochs-
cotorsion. 
Next, we characterize domains over which this implication is reversible.
Theorem 3.5. For a Matlis domain R, every h-divisible Matlis-cotorsion R-module is Enochs-cotorsion if and
only if gl.w.i.d. R  2.
Proof. ⇐ follows from [8, Theorem 3.2] and [4, Theorem 6.8].
⇒ By [8, Theorem 3.1], every h-divisible module is Matlis-cotorsion. Then the hypothesis implies
that every h-divisible module is actually Enochs-cotorsion. That establishes the result. 
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cotorsion. This takes care of the irreversibility of the implication: h-divisible Matlis-cotorsion ⇒
h-divisible.
We now proceed to the second set of implications.
5) The irreversibility of the implication: injective = h-divisible RD-injective ⇒ h-divisible pure-
injective is shown by the character module A of any torsion-free module A which is not ﬂat. Indeed,
it is h-divisible and pure-injective by [9], but not injective.
We give a characterization of domains over which this implication is reversible.
Theorem 3.6. R is Prüfer if and only if every h-divisible pure-injective module is injective.
Proof. ⇐ is shown in 5).
⇒ If R is Prüfer, then all modules are of w.d. 1. By Theorem 2.2, every h-divisible pure-injective
module D satisﬁes Ext1R(M, D) = 0 for all modules M . Hence D is injective. 
6) Now we address the irreversibility of the implication h-divisible pure-injective ⇒ weak-
injective. In [4] it was shown that every almost perfect domain that is not a Dedekind domain
admits weak-injective modules that fail to be pure-injective. (Note that all weak-injective modules
are h-divisible.)
We can also characterize domains over which this implication is reversible.
Theorem 3.7. For an almost perfect domain R (i.e., gl.w.i.d. R  1), every weak-injective R-module is
h-divisible pure-injective if and only if R is Dedekind.
Proof. ⇐ is obvious.
⇒ follows from [13, Corollary 2.5]. 
7) As far as the last implication is concerned, we show:
Example 3.8. h-divisible Enochs-cotorsion modules need not be weak-injective.
Proof. Pick a reduced torsion-free R-module M that is R-complete (thus Matlis-cotorsion) and has
Enochs-cotorsion dimension 1 (for the deﬁnition of Enochs-cotorsion dimension, we refer to [11]).
We will show below that such an M does exist over many domains. Consider the exact sequence
0 → M → E(M) =
⊕
Q → D → 0,
where E(M) is the injective hull of M . Thus D is the Matlis dual of M in the Matlis category equiv-
alence, so it is h-divisible. It is Enochs-cotorsion because M was chosen to have Enochs-cotorsion
dimension 1. [10, Theorem 3.3] shows that D is not weak-injective. Now from [11, Proposition 19.2.1]
it follows that if there exist modules of Enochs-cotorsion dimension  2, then there is also some of
dimension n − 1, . . . ,1. Also if a module N has Enochs-cotorsion dimension 1, then the same holds
for the R-completion of its ﬂat cover which can be chosen for our M . 
We also characterize domains over which the converse is also true.
Theorem 3.9. Let R be a Matlis domain with gl.w.i.d. R  2. Every h-divisible Enochs-cotorsion module is
weak-injective if and only if R is almost perfect.
Proof. ⇐ is obvious.
⇒ follows from [8, Theorem 3.2] and [4, Corollary 6.4, Theorem 6.8]. 
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ple 3.8 by replacing Enochs-cotorsion to Warﬁeld-cotorsion. Note that this is in contrast to the case
of pure-injective modules.
Example 3.10. h-divisible Warﬁeld-cotorsion modules are not necessarily weak-injective.
Proof. Let R be a Matlis domain with gl.d. R = 2 which is not almost perfect. First we claim that there
are torsion-free R-modules M1 with i.d.R M1 = 2. Otherwise, all torsion-free R-modules would have
injective dimension  1, so all torsion-free Matlis-cotorsion modules would be Warﬁeld-cotorsion,
and R would be almost perfect (see [4, Theorem 3.3 and Corollary 6.4]).
We also know that there is a torsion-free Matlis-cotorsion module M2 that fails to be Enochs-
cotorsion. Hence the torsion-free module M = M1 ⊕ M2 has injective dimension 2 and its Matlis-
cotorsion envelope M˜ is not Enochs-cotorsion. In view of the Matlis category equivalence (see e.g. [6]),
in the exact sequence
0 → M˜ → E(M˜) =
⊕
Q → D → 0
the module D has injective dimension 1. Divisible modules over Matlis domains are Matlis-cotorsion,
so D is an h-divisible Warﬁeld-cotorsion module. It is not weak-injective, since M˜ is not Enochs-
cotorsion (see [10, Theorem 3.3] cited above). 
We ﬁnish this section with a characterization of domains over which the h-divisible Warﬁeld-
cotorsion modules are weak-injective.
Theorem 3.11. Let R be a Matlis domain with gl.d. R  2. Then every h-divisible Warﬁeld-cotorsion R-module
is weak-injective if and only if R is almost perfect.
Proof. ⇐ is obvious.
⇒ follows from [8, Theorem 4.3, Corollary 3.4]. 
4. (Copure-)weak-injective modules
In [2], Enochs and Jenda call an R-module M satisfying Ext1R(E,M) = 0 for all injective R-modules
E copure-injective. Analogously, we shall call M copure-weak-injective if Ext1R(D,M) = 0 for all weak-
injective R-modules D . Note that an R-module M satisfying Ext1R(D
′,M) = 0 for all h-divisible
R-modules D ′ turns out to be injective. It is evident that copure-injective modules over Dedekind
domains or copure-weak-injective modules over almost perfect domains are injective. Now we con-
sider general domains.
Lemma 4.1.
(a) All copure-injective modules M with i.d.R M  1 are injective.
(b) All copure-weak-injective modules M with w.i.d.R M  1 are injective.
Proof. (a) is trivial.
(b) Let N be an arbitrary R-module and 0 → N → W (N) → W (N)/N → 0 an exact sequence
where W (N) is the weak-injective envelope of N (this exists; see e.g. [3, Lemma 3.1]); thus
W (N)/N has weak dimension  1. In the induced exact sequence Ext1R(W (N),M) → Ext1R(N,M) →
Ext2R(W (N)/N,M), the ﬁrst Ext vanishes by hypothesis since W (N) is weak-injective and the third
does too since W (N)/N is of weak dimension  1 and M is of weak-injective dimension  1. This
establishes the result. 
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(a) All copure-injective Warﬁeld-cotorsion modules are injective.
(b) All copure-weak-injective Enochs-cotorsion modules are injective.
Proof. These follow from [3, Theorem 5.3] and [6, Theorem 8.3, p. 458]. They show that every
Warﬁeld-cotorsion (Enochs-cotorsion) module is of injective (weak-injective) dimension  1, respec-
tively. 
In [2], it is proved that a copure-injective module over a Noetherian ring is the kernel of an
injective pre-cover. (Note that over a Noetherian ring, every module has an injective (pre-)cover –
a fact that is not true in general.) We have a similar result about certain modules over arbitrary
domains.
Theorem 4.3. Let M be an R-module such that W (M) is injective. Then M is copure-weak-injective if and
only if it is the kernel of the weak-injective pre-cover W (M) → W (M)/M.
Proof. Consider again the exact sequence 0 → M → W (M) → W (M)/M → 0 of the proof of
Lemma 4.1. Let D be an arbitrary weak-injective R-module. In the induced exact sequence
HomR
(
D,W (M)
)→ HomR(D,W (M)/M)→ Ext1R(D,M) → Ext1R
(
D,W (M)
)
the map between the two Homs is surjective, due to the weak-injective pre-cover property, while the
last term is 0 by the injectivity hypothesis. Hence Ext1R(D,M) = 0, completing the proof. 
It is an open problem to identify the modules M for which W (M) is injective. We can show,
however, that this problem is equivalent to a similar problem.
Proposition 4.4. The weak-injective envelope of a module is the same as its injective hull if and only if its ﬂat
cover is the same as its torsion-free-cover.
Proof. We are using an argument of [4] to show that in the commutative diagram
0 0
H H
0 F

α
E
β
D 0
0 M
γ
W D 0
0 0
with exact rows and columns (where the module M was arbitrarily chosen) the module W is the
weak-injective envelope of M if and only if F is the ﬂat cover of M . We give a proof of the suﬃciency,
and leave the converse for the reader. Suppose that in the above diagram we start with the bottom
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sequence is guaranteed by [9] or [7]. Next we take the ﬂat cover (E, β) of W ; in view of [10], ﬂat
covers of weak-injectives are torsion-free injectives, so E is torsion-free injective. Let H = Kerβ , and
deﬁne α : F → M as the restriction of β . Since w.d. D  1, F ought to be ﬂat. H being reduced Enochs-
cotorsion implies that F is a ﬂat pre-cover of M . To show that it is a cover, suppose that F = F1 ⊕ F2
with H = H1 ⊕ F2. There is a corresponding decomposition E = E1 ⊕ E2 with Fi  Ei , thus W ∼=
E1/H1⊕ E2/F2. As αF2 = 0 implies  F2  Kerβ , we conclude that γ M  E1/H1, showing that F2 = 0,
i.e. F is the ﬂat cover of M . Reminder: the diagram is constructed by ﬁrst choosing the left column
with a ﬂat special pre-cover F , then E as the injective hull of F , while the rest follows from the
diagram being a push-out. In a similar fashion, it follows that F is the torsion-free cover of M if and
only if W is the injective hull of M . These equivalences establish our claim. 
Either from Proposition 4.4 or [10, Theorem 3.4], we can obtain a characterization of weak-injective
modules.
Corollary 4.5. An R-module M is weak-injective if and only if M ∼= I/E, where I is a direct sum of copies
of Q , and E is an Enochs-cotorsion submodule of I . In other words, weak-injective modules are exactly the 1st
cosyzygies of Enochs-cotorsion modules.
We are able to characterize copure-weak-injective modules over domains whose weak-injective
dimension is  1; this hypothesis is equivalent to the weak-injectivity of K = Q /R .
Theorem 4.6. Suppose that K is weak-injective. Then D is copure-weak-injective if and only if it is an
h-divisible Matlis-cotorsion module whose Matlis dual H = HomR(K , D) satisﬁes Ext1R(M, H) = 0 for all
torsion-free Enochs-cotorsion R-modules M.
Proof. ⇒ Since K is weak-injective by hypothesis, Ext1R(K , D) = 0. Hence it is h-divisible and Matlis-
cotorsion by [6, p. 251, Lemma 2.1]. In [10, Theorem 3.4] it is proved that in the Matlis category equiv-
alence torsion-free Enochs-cotorsion modules and weak-injective torsion modules are corresponding
duals, hence Ext1R(M ⊗ K , D) = 0 for all torsion-free Enochs-cotorsion modules M . In [5, Lemma 2.3],
Fuchs and Lee show that Ext1R(C ⊗ A, B) ∼= Ext1R(C,HomR(A, B)) if Ext1R(A, B) = 0 and TorR1 (C, A) = 0,
whence we get Ext1R(M,HomR(K , D)) = 0.⇐ Basically the above proof goes backwards, proving the result. 
In the same spirit as the above theorem, we have an improvement of [2, Theorem 2.2]. Note that
we don’t need the Noetherian condition.
Theorem 4.7. Let i.d.R R  1. Then D is copure-injective if and only if it is an h-divisible Matlis-cotorsion
module such that its Matlis dual H = HomR(K , D) satisﬁes Ext1R(M, H) = 0 for all torsion-free Warﬁeld-
cotorsion R-modules M.
It is proved in [9] that R is a Prüfer domain if and only if every divisible R-module has weak
dimension  1. In view of the exact sequence 0 → M → W (M) → W (M)/M → 0 used in the proof
of Lemma 4.1, the above result can be improved: R is Prüfer if and only if every weak-injective
R-module has weak dimension  1. Now we consider the case when every injective R-module has
weak dimension  1.
First we verify the following lemma.
Lemma 4.8. Let M be an R-module. Then w.d.R M  n ( 1) if and only if TorRn (M, A) = 0 for all torsion-free
R-modules A.
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For n > 1, use induction; consider a free resolution 0 → H → F → M → 0 and note that
TorRn (H, D) ∼= TorRn+1(M, D). 
Theorem 4.9. If every injective R-module has weak dimension  1, then every module of ﬁnite weak dimen-
sion has weak dimension 1.
Proof. Let A be an arbitrary torsion-free module. By Trlifaj [15, Theorem 3.1], we have an exact se-
quence A → War(A) → War(A)/A → 0 where War(A) is the Warﬁeld-cotorsion envelope of A and
War(A)/A is torsion-free. As an extension of a torsion-free module by a torsion-free module, War(A)
is torsion-free. Let M be an arbitrary module of weak dimension  2. In the induced exact sequence
TorR2 (War(A)/A,M) → TorR1 (A,M) → TorR1 (War(A),M), the left Tor vanishes by Lemma 4.8. The right
Tor vanishes too, because from the exact sequence 0→ War(A) →⊕ Q → E → 0 in [10], we can con-
clude that War(A) is ﬂat since E is injective and thus of weak dimension  1 by hypothesis. Hence
we have TorR1 (A,M) = 0, which implies that M is of weak dimension  1 by Lemma 4.8. Again use
induction; consider a free resolution 0 → H → F → M → 0 and note that TorRn (H, D) ∼= TorRn+1(M, D).
That establishes the result. 
In [14], Sazeedeh called an R-module M satisfying Ext1R(N,M) = 0 for all modules N of ﬁnite weak
dimension strongly cotorsion. From Theorem 4.9 we can conclude the following corollaries.
Corollary 4.10. If every injective R-module has weak dimension  1, then all weak-injective R-modules are
strongly cotorsion.
Corollary 4.11. For a domain R of ﬁnite weak global dimension, the following are equivalent:
(a) R is Prüfer;
(b) All injective modules are of weak dimension  1;
(c) All weak-injective modules are strongly cotorsion.
Finally, we close this section with the following observations on weak-injective envelopes.
It is known that every module is pure in its Enochs-cotorsion envelope (see [15, Theorem 3.1]) and
the modules which are pure in their injective envelopes are characterized as FP-injective modules: An
R-module M is called FP-injective if Ext1R(N,M) = 0 for all ﬁnitely presented R-modules N . (See [6,
p. 312, Theorem 3.1 and p. 314, Proposition 3.4].) This raises a seemingly natural question: which
modules are then exactly those that are pure in their weak-injective envelopes?
We ﬁrst answer the question.
Proposition 4.12. An R-module D is divisible if and only if it is pure in its weak-injective envelope W (D).
Proof. ⇒ By [6, p. 431, Lemma 2.3(ii)], D is pure in its double character module A . Since A is
weak-injective by [9, Lemma 3.1], D is manifestly pure in its weak-injective envelope W (D).
⇐ Since purity implies RD-property, the result follows immediately. 
Next we observe that the weak-injective envelopes of h-divisible modules can be identiﬁed once
Enochs-cotorsion envelopes of torsion-free modules are available. This is mentioned in [4] without
proof. Here we provide a proof.
Theorem 4.13. If D is an h-divisible torsion module, then W (D) = K ⊗R En(A), where A = HomR(K , D) and
En(A) is the Enochs-cotorsion envelope of A.
Proof. Let D be h-divisible torsion. The corresponding R-complete torsion-free R-module
HomR(K , D) = A is pure in En(A). Hence K ⊗R A = D is pure in K ⊗R En(A) by [6, Proposition 8.6,
S.B. Lee / Journal of Algebra 330 (2011) 76–85 85p. 44]. By [10], K ⊗R En(A) is weak-injective. We want to prove that K ⊗R En(A) = W (D). First we
show K ⊗R En(A) is the weak-injective preenvelope of D . From the pure-exact sequence 0 → A →
En(A) → F → 0 where F is ﬂat, we obtain the pure-exact sequence 0→ D = K ⊗R A → K ⊗R En(A) →
K ⊗R F → 0. Here K ⊗R F is of weak dimension  1. Let W ′ be an arbitrary weak-injective R-module.
In the induced exact sequence HomR(K ⊗R En(A),W ′) → HomR(D,W ′) → Ext1R(K ⊗R F ,W ′) the right
end is 0. Hence K ⊗R En(A) is the weak-injective preenvelope of D . Now suppose K ⊗R En(A) con-
tains a nonzero summand of D . Since taking Hom of these modules brings us back to En(A) and A,
it follows that En(A) contains a nonzero summand of A. This shows that K ⊗R En(A) is in fact the
weak-injective envelope of D . The weak-injective envelope of an arbitrary h-divisible module D ′ will
be the direct sum of the weak-injective envelope of its torsion submodule constructed above and as
many copies of Q as the torsion-free rank of D ′ . 
Observe that the preceding theorem is an analogue of the known result that the injective hull
of D is obtained in the same way by using the Warﬁeld-cotorsion, rather than the Enochs-cotorsion,
envelope of A.
Acknowledgment
The author sincerely thanks the referee for pointing out mistakes in the original version and sug-
gesting improvements.
References
[1] E.E. Enochs, O.M.G. Jenda, Relative Homological Algebra, de Gruyter Exp. Math., vol. 30, Walter de Gruyter, Berlin, 2000.
[2] E.E. Enochs, O.M.G. Jenda, h-divisible and cotorsion modules over one-dimensional Gorenstein rings, J. Algebra 161 (1993)
444–454.
[3] L. Fuchs, S.B. Lee, Weak-injectivity and almost perfect domains, J. Algebra 321 (2009) 18–27.
[4] L. Fuchs, S.B. Lee, Weak-injective modules over integral domains, J. Algebra 323 (7) (2010) 1872–1878.
[5] L. Fuchs, S.B. Lee, The functor Hom and cotorsion theories, Comm. Algebra 37 (2009) 923–932.
[6] L. Fuchs, L. Salce, Modules over Non-Noetherian Domains, Math. Surveys Monogr., vol. 84, Amer. Math. Soc., Providence,
2001.
[7] R. Göbel, J. Trlifaj, Approximations and Endomorphism Algebras of Modules, de Gruyter Exp. Math., vol. 41, Walter de
Gruyter, 2006.
[8] S.B. Lee, h-divisible modules, Comm. Algebra 31 (2003) 513–525.
[9] S.B. Lee, Weak-injective modules, Comm. Algebra 34 (2006) 361–370.
[10] S.B. Lee, A note on the Matlis category equivalence, J. Algebra 299 (2006) 854–862.
[11] L.X. Mao, N.Q. Ding, The cotorsion dimension of modules and rings, in: Abelian Groups, Modules and Homological Algebra,
in: Lect. Notes Pure Appl. Math., vol. 249, Chapman and Hall, 2006, pp. 217–243.
[12] B. Osofsky, Global dimension of valuation rings, Trans. Amer. Math. Soc. 127 (1967) 136–149.
[13] L. Salce, On ﬁnitely injective modules and locally pure-injective modules over Prüfer domains, Proc. Amer. Math. Soc. 135
(2007) 3485–3493.
[14] R. Sazeedeh, Strongly torsion free, copure ﬂat and Matlis reﬂexive modules, J. Pure Appl. Algebra 192 (2004) 265–274.
[15] J. Trlifaj, Covers, envelopes and cotorsion theories, Lecture Notes for the Workshop ‘Homological methods in module theo-
ry’, Cortona, 2000.
[16] R.B. Warﬁeld Jr., A theory of cotorsion modules, 1970, unpublished manuscript.
